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Abstract
We consider a uniform ﬁnite differencemethod on Shishkin mesh for a quasilinear ﬁrst-order singularly perturbed
boundary value problem (BVP) depending on a parameter.We prove that the method is ﬁrst-order convergent except
for a logarithmic factor, in the discrete maximum norm, independently of the perturbation parameter. Numerical
experiments support these theoretical results.
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1. Introduction
In this paper we consider the following singular perturbation boundary value problem (BVP) depending
on a parameter:
u′(x)+ f (x, u, )= 0, x ∈ = (0, l], (1.1)
u(0)= A, u(l)= B, (1.2)
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where  is a small positive parameter, A and B are given constants. The function f (x, u, ) is assumed to
be sufﬁciently differentiable for our purpose function in ¯× R2 (¯=  ∪ {x = 0}), and
0< 
f
u
a∗<∞,
0<m1
∣∣∣∣f
∣∣∣∣ M1<∞.
By a solution of (1.1), (1.2) we mean a pair {u(x), } ∈ C1(¯) × R for which problem (1.1), (1.2) is
satisﬁed. For >1 the function u(x) has a boundary layer of thickness O() near x = 0.
Problems with a parameter have been considered for many years. For a discussion of existence and
uniqueness results and for applications of parameterized equations see, [18,14,7,9,10,15,17] and refer-
ences therein. In [14,10,8] have been considered some approximating aspects of these kind of problems.
But designed in the above-mentioned papers algorithms are only concerned with the regular cases (i.e.
when the boundary layers are absent).
The numerical analysis of singular perturbation cases has always been far from trivial because of the
boundary layer behavior of the solution. Such problems undergo rapid changes within very thin layers
near the boundary or inside the problem domain [13,12,1–4]. It is well known that standard numerical
methods for solving such problems are unstable and fail to give accurate results when the perturbation
parameter  is small. Therefore, it is important to develop suitable numerical methods to these problems,
whose accuracy does not depend on the parameter value , i.e. methods that are convergence -uniformly.
For various approaches on the numerical solution of differential equationswith steep, continuous solutions
we may refer to the monographs [4,6,16].
Here we analyze a ﬁnite difference scheme on a special piecewise uniform mesh (a Shishkin mesh) for
the numerical solution of the BPV (1.1)–(1.2). In Section 2, we state some important properties of the
exact solution. The derivation of the difference scheme and mesh introduction have been given in Section
3. Section 4 is devoted to uniform error estimates for the truncation term and approximate solution on
piecewise uniform mesh. Uniform convergence is proved in the discrete maximum norm. In Section 5,
we formulate the iterative algorithm for solving the discrete problem and give the illustrative numerical
results.
Henceforth, C and c denote the generic positive constants independent of  and of the mesh
parameter. Such a subscripted constant is also independent of  and mesh parameter, but whose value
is ﬁxed.
2. Analytical results
Let ‖g‖∞ ≡ ‖g‖∞,¯ := max[0,l] |g(x)| for any function g ∈ C(¯).
Lemma 2.1. The solution {u(x), } of (1.1)–(1.2) satisﬁes the inequalities
||c0, (2.1)
‖u‖∞c1, (2.2)
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where
c0 = a
∗
m1(1− exp(−a∗l)) (|A| + |B|)+m
−1
1 ‖F‖∞,
c0 = |A| + −1‖F‖∞ + c0−1M1 (F (x)= f (x, 0, 0))
and
|u′(x)|C
{
1+ 1

exp
(
−x

)}
, x ∈ ¯ (2.3)
provided |f/x|C for x ∈ ¯ and |u|c1, ||c0.
Proof. We rewrite Eq. (1.1) in the form
u′ + a(x)u= F(x)+ b(x), (2.4)
where
a(x)= f
u
(x, u˜, ˜),
b(x)=−f

(x, u˜, ˜),
u˜= u, ˜=  (0< < 1) – intermediate values.
Integrating (2.4), (1.2) we have
u(x)= A exp
(
−1

∫ x
0
a(t) dt
)
+ 1

∫ x
0
F() exp
(
−1

∫ x

a(t) dt
)
d
+ 1


∫ x
0
b() exp
(
−1

∫ x

a(t) dt
)
d, (2.5)
from which, by setting the boundary condition u(l)= B, we get
= B − A exp(−
1

∫ l
0 a(t) dt)− 1
∫ l
0 F() exp(−1
∫ l
 a(t) dt) d
1

∫ l
0 b() exp(−1
∫ l
 a(t) dt) d
. (2.6)
Applying the mean value theorem for integrals, we deduce that
|1
∫ l
0 F() exp(−1
∫ l
 a(t) dt) d|
|1
∫ l
0 b() exp(−1
∫ l
 a(t) dt) d|
= |
1

∫ l
0 F() exp(−1
∫ l
 a(t) dt) d|
|b(x∗)|1
∫ l
0 exp(−1
∫ l
 a(t) dt) d
m−11 ‖F‖∞, 0<x∗<l.
It then follows from (2.6) that
|| |B − A exp(−
1

∫ l
0 a(t) dt)|
m1
1

∫ l
0 exp
(
−1
∫ l
 a(t) dt
)
d
+m−11 ‖F‖∞,
which for 1, immediately leads to (2.1).
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Next, from (2.5) we see that
|u(x)| |A| exp
(
−x

)
+ −1
[
1− exp
(
−x

)]
(‖F‖∞ + ||M1)
and using the estimate (2.1), we obtain (2.2).
To prove (2.3), ﬁrst we estimate u′(0):
|u′(0)| 1

|f (0, A, )|
and because of (2.1), obviously
|u′(0)|C

. (2.7)
Now, differentiating Eq. (1.1) we have
u′′ + a(x)u′ = (x), (2.8)
where
a(x)= f
u
(x, u(x), ),
(x)=−f
x
(x, u(x), ).
Since |(x)|C, it now follows from (2.8), (2.7) that
|u′(x)| |u′(0)| exp
(
−1

∫ x
0
a(t) dt
)
+ 1

∫ x
0
|()| exp
(
−1

∫ x

a(t) dt
)
d
C
{
−1 exp
(
−x

)
+ −1
(
1− exp
(
−x

))}
,
which proves (2.3). 
3. Discretization and mesh
Let N be any nonuniform mesh on 
N = {0<x1<x2< · · ·<xN−1<xN = l}
and ¯N = N ∪ {x = 0}. For each i1 we set the stepsize hi = xi − xi−1.
To simplify the notation we set gi = g(xi) for any function g(x), while gNi denotes an approximation
of g(x) at xi.
For any mesh function {wi} deﬁned on ¯N we use
wx¯,i = (wi − wi−1)/hi,
‖w‖∞ ≡ ‖w‖∞,¯N := max0 iN |wi |.
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To obtain approximation for (1.1) we integrate (1.1) over (xi−1, xi)
ux,i + h−1i
∫ xi
xi−1
f (x, u(x), ) dx = 0, 1iN,
which yields the relation
ux,i + f (xi, ui, )+ Ri = 0, 1iN, (3.1)
with local truncation error
Ri =−h−1i
∫ xi
xi−1
(x − xi−1) ddx f (x, u(x), ) dx. (3.2)
As a consequence of the (3.1), we propose the following difference scheme for approximating (1.1), (1.2):
uNx¯,i + f (xi, uNi , N)= 0, 1iN, (3.3)
uN0 = A, uNN = B. (3.4)
The difference scheme (3.3), (3.4), in order to be -uniform convergent, we will use the Shishkin mesh.
For an even number N, the piecewise uniform mesh takes N/2 points in the interval [0, 	] and also N/2
points in the interval [	, l], where the transition point 	, which separates the ﬁne and coarse portions of
the mesh, is obtained by taking
	=min
{
l
2
, −1 lnN
}
. (3.5)
In practice, one usually has 	>l, so the mesh is ﬁne on [0, 	] and coarse on [	, l]. Hence, if we denote
by h and H the stepsizes in [0, 	] and [	, l], respectively, we have
h= 2	N−1, H = 2(l − 	)N−1,
h lN−1, lN−1H < 2lN−1, h+H = 2lN−1,
so
N = {xi = ih, i = 0, 1, . . . , N/2; xi = 	+ (i −N/2)H,
i =N/2+ 1, . . . , N;h= 2	/N,H = 2(l − 	)/N}. (3.6)
In the rest of the paper we only consider this mesh.
4. Uniform convergence
To investigate the convergence of the method, note that the error functions zNi = uNi − ui , 0iN,

N = N −  are the solutions of the discrete problem
zNx,i + f (xi, uNi , N)− f (xi, ui, )= Ri, 1iN, (4.1)
zN0 = 0, zNN = 0, (4.2)
where the truncation error Ri is given by (3.2).
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Lemma 4.1. Under the above assumptions of Section 1 and Lemma 2.1, for the error function Ri , the
following estimate holds:
‖R‖∞,N CN−1 lnN. (4.3)
Proof. From explicit expression (3.2) for Ri , on an arbitrary mesh we have
|Ri |h−1i
∫ xi
xi−1
(x − xi−1)
∣∣∣∣fx (x, u(x), )+ fu (x, u(x), )u′(x)
∣∣∣∣ dx
Ch−1i
∫ xi
xi−1
(x − xi−1)(1+ |u′(x)|) dx, 1iN.
This inequality together with (2.3) enables us to write
|Ri |C
{
hi + h−1i −1
∫ xi
xi−1
(x − xi−1)e−x/ dx
}
, 1iN, (4.4)
in which
hi =
{
h, 1iN/2,
H, N/2+ 1iN.
We consider ﬁrst the case 	= l/2, and so l/2< −1 lnN and h=H = lN−1. Hereby, since
h−1i 
−1
∫ xi
xi−1
(x − xi−1)e−x/ dx−1h 2 lnN
l
l
N
= 2−1N−1 lnN,
it follows from (4.4) that
|Ri |CN−1 lnN, 1iN.
We now consider the case 	 = −1 lnN and estimate Ri on [0, 	] and [	, l] separately. In the layer
region [0, 	], inequality (4.4) reduces to
|Ri |C(1+ −1)h= C(1+ −1) 
−1 lnN
N/2
, 1iN/2.
Hence,
|Ri |CN−1 lnN, 1iN/2.
It remains to estimate Ri for N/2+ 1iN . In this case we are able to write (4.4) as
|Ri |C{H + −1(e−
xi−1
 − e− xi )}, N/2+ 1iN. (4.5)
Since xi = −1 lnN + (i −N/2)H it follows that:
e
− xi−1 − e− xi = 1
N
e−
(i−1−N/2)H
 (1− e− H )<N−1
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and this together with (4.5) to give the bound
|Ri |CN−1.
This completes the proof of lemma. 
Lemma 4.2. For the pair {zNi , 
N } the following estimates hold
|
N |m−11 ‖R‖∞,N , (4.6)
‖zN‖∞,N −1(1+m−11 M1)‖R‖∞,N . (4.7)
Proof. From (4.3), by the mean value theorem we get
zNx,i + aizNi = bi
N + Ri, (4.8)
where
ai = f
u
(xi, ui + zNi , + 
N),
bi =−f

(xi, ui + zNi , + 
N), 0< < 1.
Hence,
zNi =

+ hiai z
N
i−1 + 
N
hibi
+ hiai +
hiRi
+ hiai .
Solving the ﬁrst-order difference equation with respect to zNi and setting the boundary condition z
N
0 = 0,
we get
zNi = 
N
i∑
k=1
hkbk
+ hkak Qik +
i∑
k=1
hkRk
+ hkak Qik,
where
Qik =
{
1, k = i∏i
j=k+1

+ hjaj , 1ki − 1.
For i =N , taking into consideration that zNN = 0, we have

N =−
∑N
k=1
hkRk
+hkak QN,k∑N
k=1
hkbk
+hkak QN,k
.
Now, since +hiai > 0 (1iN), by analogy with the proof of Lemma 2.1, we can obtain (4.8). Finally,
by applying the discrete maximum principle for difference operator LhzNi := zNx¯,i + aizNi , 1iN , to
Eq. (5.2) yields
‖zN‖∞,¯N −1(M1
N + ‖R‖∞,N ),
which along with (4.8) leads to (5.1). 
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From two previous lemmas we immediately obtain the main results.
Theorem 4.3. Let {u(x), } be the solution of (1.1), (1.2) and {uNi , N } the solution of (3.3), (3.4). Then
under hypotheses of Lemma 4.1
|− N |CN−1 lnN,
‖u− uN‖∞,N CN−1 lnN.
5. Numerical results
In this section, we present some numerical results which illustrate the present method.
(a) We solve the nonlinear problem (3.3), (3.4) using the following iteration technique:
(n) = (n−1) − (B − u
(n−1)
N−1 )
−1
N + f (l, B, (n−1))
f/(l, B, (n−1))
, (5.1)
u
(n)
i = u(n−1)i −
(u
(n−1)
i − u(n)i−1)−1i + f (xi, u(n−1)i , (n))
f/u(xi, u
(n−1)
i , 
(n))+ −1i
, i = 1, 2, . . . , N − 1; n= 1, 2, . . .
(5.2)
where i = hi/, (0), u(0)i given (u(n)0 = A).
(b) Consider the test problem
u′(x)+ 2u− e−u + x2 + + tanh(+ x)= 0, 0<x < 1,
u(0)= 1, u(1)= 0.
The initial guesses in (5.1), (5.2) are taken as (0) = −0.475676699, u(0)i = (1 − xi)2 and stopping
criterion is
max
i
|u(n)i − u(n−1)i |10−5; |(n) − (n−1)|10−5.
The exact solution of our test problem is not available. We, therefore, use the double mesh principle to
estimate the errors and compute the experimental rates of convergence in our computed solution. That is,
we compare the computed solution with the solution on a mesh that is twice as ﬁne (see [5] for details,
and also [11]). The error estimates obtained in this way are denoted by
e,Nu =max
i
|u,Ni − u˜,2N2i |,
e
,N
 = |,N − ˜
,2N |,
where {u˜,2N, ˜,2N } is the approximate solution on the mesh
˜2N = {xi/2 : i = 0, 1, 2, . . . , 2N}
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Table 1
Errors {e,Nu , e,N } and convergence rates {p,Nu , p,N } on N for N = 16
 N = 16 p,Nu p,N
e
,N
u e
,N
 e
,2N
u e
,2N

10−3 0.00897056 0.00003529 0.00458158 0.00001764 0.96935 1.00000
10−4 0.00896245 0.00000355 0.00457628 0.00000176 0.96972 1.01217
10−5 0.00896162 0.00000033 0.00457580 0.00000016 0.96974 1.04439
10−6 0.00896156 0.00000006 0.00457562 0.00000003 0.96978 1.00000
eNu e
N
 e
2N
u e
2N
 p
N
u p
N

0.00897056 0.00003529 0.00458158 0.00001764 0.96935 1.00000
Table 2
Errors {e,Nu , e,N } and convergence rates {p,Nu , p,N } on N for N = 32
 N = 32 p,Nu p,N
e
,N
u e
,N
 e
,2N
u e
,2N

10−3 0.00458158 0.00001764 0.00228608 0.00000879 1.00296 1.00488
10−4 0.00457628 0.00000176 0.00228743 0.00000089 1.00045 1.01217
10−5 0.00457580 0.00000016 0.00228714 0.00000008 1.00048 1.00000
10−6 0.00457562 0.00000003 0.00228570 0.00000001 1.00133 1.00000
eNu e
N
 e
2N
u e
2N
 p
N
u p
N

0.00458158 0.00001764 0.00228743 0.00000879 1.00212 1.00488
with xi+1/2 = (xi + xi+1)/2 for i = 0, 1, 2, . . . , N − 1. The convergence rates are
p,Nu = ln(e,Nu /e,2Nu )/ ln 2
for u, and
p
,N
 = ln(e,N /e,2N )/ ln 2
for . Approximations to the -uniform rates of convergence are estimated by
eNu =max e
,N
u ,
eN =max e
,N
 .
The corresponding -uniform convergence rates are
pNu = ln(eNu /e2Nu )/ ln 2,
pN = ln(eN /e2N )/ ln 2.
Tables 1 and 2 illustrate the errors for the u and  on the piecewise uniform mesh N . It is clear from
these that the errors are ﬁrst-order uniformly convergent as predicted by our theory.
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